We propose a geometrical theory of gravitation based on a non-orthogonal tetrad field which plays the role of a torsion potential. Starting from the gravitational Lagrangian defined by scalar curvature, we obtain two field equations, the Einstein equation and the torsion field equation. The latter is a second-order differential equation for the torsion potential, and therefore the torsion has acquired a dynamical property. When we consider the torsion coupling to spinor fields, the torsion field equation has a difficulty. We show that this difficulty can be overcome by adding appropriate quadratic terms of the torsion tensor to the Lagrangian. Using the generalized Lagrangian, we study the torsion field equation and its solution in the weak field approximation. § 1. Introduction
To the present date, two attempts have been made to construct a gravitational theory with dynamical torsion. One of these is the quadratic Lagrangian approach to the Poincare gauge theory initiated by Hayashi/) in which theory the Lorentz gauge field (or the spin connection) satisfies a second-order differential equation and the torsion can propagate in vacuum. This approach was further pursued by Hayashi and Shirafuji,2) and Hehl, Nitsch and Von der Heyde.
3 )
The second attempt is the tetrad theory of gravitation initiated by M¢ller,4) looking for a more satisfactory treatment of the energy-momentum complex than general relativity. This theory was developed by Pellegrini and Plebanski 5 ) and was independently formulated as gauge theory of the spacetime translation group by Hayashi and Nakano.
)
The concept of absolute parallelism plays a fundamental role, and the observational basis was studied by Miyamoto and Nakano,7) and Hayashi and Shirafuji. Spacetime is characterized by the torsion tensor, which can be expressed by first-order derivatives of the parallel vector fields. The curvature of spacetime, on the other hand, is identically vanishing. It may then be possible to say that the parallel vector fields play the role of a potential of the torsion. The metric of spacetime is defined by parallel vector fields so that the latter form an orthogonal tetrad.
In this paper we propose a new approach to dynamical torsion, which can be regarded as a generalization of the gravitational theory based on absolute parallelism. Assuming that spacetime has a locally Lorentzian metric and an affine connection compatible with the metric, we require that the local connection be symmetric with respect to a non-orthogonal basis which is in general different from the natural basis. Then we find that the torsion can be expressed in terms of first-order derivatives of the non·orthogonal tetrad field defined as a linear transformation from a natural basis to the non-orthogonal basis. Accordingly we call the non· orthogonal *) Since Einstein') was the first to introduce the notion of absolute parallelism in physics, the gravitational theory based on absolute parallelism was given the name "new general relativity",") which we follow in this paper.
tetrad field the "torsion potential". The curvature is not vanishing and is responsible for gravity as in general relativity; the present theory is different from the theory based on absolute parallelism in this point.
Starting from the gravitational Lagrangian defined by the scalar curvature, we obtain two field equations, the Einstein equation and the torsion field equation. The latter is a second-order differential equation for the torsion potential, and thus the torsion has acquired a dynamical property. The torsion field equation is invariant under global, general linear transformations as well as under general coordinate transformations. lO ) However, when we consider the torsion coupling to spinor fields, the torsion field equation has a difficulty. This is because the scalar curvature contains only a special quadratic form of the torsion tensor. This difficulty can be overcome by adding appropriate quadratic terms of the torsion tensor to the initial Lagrangian.
In § 2 we put forward the basic postulates which allow us to represent the torsion tensor by the torsion potential and derive the field equations for the metric tensor and the torsion potential by taking the scalar curvature as the gravitational Lagrangian. In § 3 we introduce spinor fields by using the usual tetrad formalism and give the field equations with spinor source. We find that the torsion field equation has a difficulty in the weak field approximation. In order to overcome this difficulty, we attempt in § 4 to generalize the gravitational Lagrangian by adding quadratic terms of the torsion tensor to the scalar curvature, and obtain a new torsion field equation. In § 5 we apply the weak field approximation to this field equation, and show that it is free from inconsistency. Further we obtain the weak field solution of the torsion potential. In the final section we discuss and summarize our results. In the Appendix we introduce a new metric for which the torsion potential becomes an orthogonal tetrad field, and make a comparison between the torsion part of the scalar curvature and Riemannian curvature of the new metric. § 2. The basic postulates and the torsion field equation
Let us consider a spacetime which has a locally Lorentzian metric g and a connection r whose coefficients are nonsymmetric with respect to a natural basis i)p.
In order to obtain the torsion tensor expressed by first-order derivatives of some functions, we shall assume that the local connection coefficients are symmetric with respect to a new basis, eA (A=0~3). Let the basis eA be related to the natural basis i)p by a linear transformation,
where e A is the I-form dual to eA, while tAp and its inverse tpA are some functions of coordinates satisfying the conditions:
On the new basis, the metric tensor becomes (2·3) Here gAB is the metric with respect to the basis eA, and we do not require gAB to coincide with the Minkowski metric 1]AB=diag (+ 1, -1, -1, -1). Accordingly, the basis eA is non-orthogonal and does not form a tetrad in the ordinary sense. We define the connection coefficients with respect to the bases a" and eA as follows:
with the connection I-forms r"u and BAB being respectively. The two connection coefficients are related to each other by
In conformity with this, the total covariant derivative of tA" with respect to indices A and f1. is vanishing:
Now we are ready to write the basic two postulates for the connection:
(i) One is the metric condition gy egAB = 0 or equivalently f7 pg"u = 0 .
(iO The other is the symmetric condition (2·8) (2·9) (2 ·10) Here fJ) e :=tl' efJ) 1'. Conditions (i) and (iO allow us to express the connection coefficients and the torsion tensor in terms of g"u and tAl'. Owing to the condition (i) the connection coefficients rl' up can be written as
where r" up denotes the Christoffel symbol, and 51' up is the contorsion tensor defined by the torsi~n tensor T-Pup (:=r"up-r"pu) in the form .
Condition (iO can be regarded as a generalization of absolute parallelism, because we have BABC=O when gAS = 1]AB. By virtue of conditions (i) and (iO, we can express BABe as (2 ·13) where we have used the differential operators de :=t"ca". The torsion 2-form TA and the curvature 2-form RAB on the basis eA are defined by (2 -14)
where condition (ii) has been used in Eq. (2 -14) . Then the torsion tensor and the curvature tensor are respectively given by
We see that the torsion tensor T P vp is expressed by tAp and its first-order derivatives. Accordingly, we call tAp the torsion potential. Let us divide the curvature tensor RPvP<J" into a torsionless part which is a function of gpv and a torsion part which contains the torsion potential tAp:
where HPvP(f is the curvature tensor for the symmetric connection r p vp, A similar situation occurs in the gravitational theory based on absolute parallelism, in which case the invariance group is the global Lorentz group. § 3_ Spinor source Because the torsion couples to spinor fields only, it is natural to consider a spinor source in order to clarify the meaning of the torsion potential. For this purpose we introduce an orthogonal tetrad field denoted by eil' in the usual way:
The local Lorentz basis ei and I-form (]i are respectively given by (3-1) (3-3) (3) (4) The local connection coefficients with respect to the basis ei are nothing but the spin connection a/jl' which is related to rl' up by (3) (4) (5) As Eq. (2-11), the spin connection can be written as (3) (4) (5) (6) where wijp= r;jkWikp is the torsionless spin connection given by the Ricci rotation coefficients, and Sl'u p is the contorsion tensor expressed by the torsion potential tAl'.
We consider the Dirac spinor field in the tetrad formalism. Its Lagrangian is The right-hand side of Eq. (3'14) identically vanishes when contraction with respect to J.l and A is taken, because yPlJP is totally antisymmetric. Accordingly, Eq. (2·27) still holds when a spinor source exists. Equation (3 ·14) is not self-consistent in its present form. In order to see this, we apply the weak field approximation:
ekl-'=O/+ bkl-"
Ibkl-'l~l. Substituting Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) into Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and considering that both aAI-' and bkl-' are first order in K, we obtain (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) where a :=TJI-'Jlal-'JI and D=iJPJp• The left-hand side of Eq. (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) has the form of the Einstein tensor symmetric in f.1. and 1/, while the right-hand side is antisymmetric.*) Thus we meet with a difficulty of consistency when spinor source exists. This can be resolved by adding appropriate quadratic terms of the torsion tensor to the initial Lagrangian. We will discuss it in the next section. § 4_ Generalization of the gravitational Lagrangian Let us decompose the contorsion tensor SI-'JlP into its irreducible components as where UI-'vp, VI-' and al-' are respectively defined by
UI-'JlP=U[I-'V]p, eAI-'JlPuI-'VP=O, ul-'VJI=O, vl-'=SI-'VV,
with el-'JlPrJ being the totally antisymmetric tensor normalized as e0l23= -F{i.
the most general quadratic form of the torsion tensor can be represented as
VPI-' Gpll=-(2cl+l)SPPO"SlIo"P_(2~1 + 4~3 +1) ~gpvS;'P<1SP<1;'
Taking the variation of the total Lagrangian 1: with respect to tAl" we obtain the torsion field equation: 
When the spinor field is localized in a finite spatial region, the retarded solution of Eq. (5·6) becomes a plane wave at far distances from the source; we can call it a "torsion wave".
The We have discussed gravitational theory based on a non-orthogonal tetrad field tAp which plays the role of a torsion potential, and in particular have studied the coupling between the torsion potential and spinor fields. We have obtained the Einstein equation and the torsion field equation by taking the scalar curvature as the gravitational Lagrangian: The latter equation is a second-order differential equation for the torsion potential, and therefore the torsion has acquired a dynamical property. However, the left-hand side of the torsion field equation is found to be of the same form as the linearized Einstein equation in the weak field approximation, while the right-hand side is antisymmetric. Thus we encounter a difficulty. This is due to the fact that the scalar curvature contains only a special quadratic form of the torsion tensor. This difficulty has been overcome by adding quadratic terms of the torsion tensor to the initial Lagrangian.
For simplicity, we have added the square of the totally antisymmetric part of the torsion tensor and analyzed the torsion field equation in the weak field approximation. We have found that the symmetric part of the torsion potential a(pv) satisfies the linearized Einstein equation without any source term, and accordingly we have put aU'V)=O. On the other hand, spinor fields provide the source for the antisymmetric part of the torsion potential a [plI] and generate the torsion wave propagating in the vacuum. The propagating solution depends on both spinor fields and extra gauge functions. This is not unreasonable because a[plI] is a potential. In fact we have seen that the energy-momentum tensor of the a[pv] is gauge invariant.
As we see from the Einstein equation, the torsion field is a source of gravity. When spinor fields exist, the torsion field is generated by the spinor fields, and both the spinor fields and the torsion field become the source of gravity. This is similar to the case of the electromagnetic field: both the electromagnetic field and its source (the electric charge or current) are the source of gravity. metric tensor with respect to the scalar product" * ", and the torsion potential fA" now becomes the tetrad field for the new metric g"v. We define a new connection Here we explicitly write the metric tensor gpv in order to contrast Eq. (A '11) with Eq.
(A· 10). We see that R is nearly of the same form as H; putting aside the difference in sign, the only difference is that the new metric tensor gpv is used in H, although the metric tensor gw is employed in R. Table I. 
